In this expository talk we give some recent results on the structure of inverse semigroups endowed with a compatible semilattice ordering. In addition we consider some open questions regarding these semigroups.
Introduction
A semigroup S is said to be (∨-)semilatticed if it is a semilattice under ∨ and, for all a, b ∈ S, and c, d ∈ S 1 , c(a ∨ b)d = cad ∨ cbd or, equivalently, ∨ is compatible with multiplication on both the left and the right. Such a semigoup is necessarily partially ordered; that is the partial order associated with ∨ is compatible with multiplication on both the left and the right. When S is a partially ordered group and a semilattice under the partial ordering, it is necessarily a semilatticed semigroup, in fact it is lattice ordered in the sense that it is a lattice -in fact a distributive latticeunder the partial ordering and both lattice operations are compatible with multiplication. In this case we say that the group is an l-group. Thus, for groups, there is a very strong relationship between the order and the structure of the group. For example, it is well known, that Proposition 1.1. Each non-trivial subgroup of an l-group is infinite. In particular, each non identity element has infinite order.
We remark that the usual proof, for example that in [3] , uses order properties within the l-group very strongly. But the result has a beautiful semigroup theoretic proof. Indeed, more generally, cf. [10] . Proposition 1.2. Each non-trivial subgroup of a lattice ordered semigroup is infinite.
The situation with semigroups is very different. It is possible for a partially ordered semigroup to be a semilattice, or even a lattice, under the partial ordering without being a semilatticed semigroup. For example, suppose that L is a lattice and consider it as a semigroup with e.f = e ∧ f . Then L is a partially ordered semigroup, and indeed a lattice, under the lattice ordering. However it is a ∨-semilatticed semigroup if and only if L is a distributive lattice. Thus the relationship between order and multiplication is more tenuous in the case of semigroups than in the case of groups.
Inverse semigroups form a class intermediate between semigroups in general and groups. So it is not surprising that there are similarities to the situation of l-groups and also differences. For example Proposition 1.3.
[10] Let S be a lattice ordered inverse semigroup. Then every finite subsemigroup of S consists entirely of idempotents.
However, the situation is different for semilattice orderings. Proposition 1.4. Let S be an E * -unitary inverse semigroup; that is S is a semigroup with zero in which ea = e = e 2 = 0 implies a 2 = a. Then S is a ∨-semilatticed semigroup under the reverse of the natural partial ordering.
Since there are lots of finite E-unitary inverse semigroups and every Rees factor of such a semigroup is E * -unitary, [2] , it follows that finite ∨-semilatticed inverse semigroups are very common. [Bulman-Flemming, Fountain, and Gould [2] have also shown that not every E * -unitary inverse semigroup is a Rees factor of an E-unitary inverse semigroup.] A class of interesting examples of such semigroups is the following.
Let G be a finite group. Then Schein's [20] coset semigroup K(G) consisting of all cosets Hx, x ∈ G, is a ∨-semilatticed inverse semigroup under inclusion. Here where, for any subset X of G, X denotes the subgroup generated by X. K(G) has group of units isomorphic to G -the singleton cosets -and semilattice of idempotents anti-isomorphic to the lattice of subgroups of G under inclusion. In addition, K(G) is generated as a ∨-semilattice by the singleton cosets. Indeed Theorem 1.1. (Ana Paula Garrão [6] ) Let G be a finite group. Then K(G) is the free ∨-semilatticed inverse semigroup over the group G. That is, more precisely, given any homomorphism of G into a ∨-semilatticed inverse semigroup S, there is a unique ∨-homomorphism φ :
commutes, where, for each g ∈ G, gη = {g}.
This result shows that, although any finite group G can be embedded in a ∨-semilatticed inverse semigroup, the ways in which this can be done are fairly restricted. The ensuing semilatticed inverse subsemigroup is restricted to be isomorphic to a quotient of K(G) by a ∨-congruence.
Jonathan Leech [7] considers a class of inverse semigroups which he calls inverse algebras. These are complete ∧-semilattice ordered semigroups under the natural partial ordering. He proves a dual analog to the result above for embeddings of groups into inverse algebras. Garrão's result applies to the more general situation when the partial ordering in not necessarily the natural partial order. It is worth noting, also, that the analog of her result is not valid for infinite groups.
The free monogenic semilatticed inverse semigroup
Given that ∨-semilatticed inverse semigroups form a variety of algebras, of type (2, 2, 1), there are free ∨-semilatticed inverse semigroups on sets of arbitrary cardinality. Note that the theorem above does not assert that K(G) is the free ∨-semilattice inverse semigroup on the set G. Indeed, if G = e has just one element then so does K(G) on the other hand, the infinite cyclic group generated by e is, naturally, a totally ordered inverse semigroup and therefore an image of the free ∨-semilatticed inverse semigroup on e. So this cannot be K(G).
It is therefore natural to ask what free ∨-semilatticed inverse semigroups look like. I don't know. However even free lattice ordered groups have a very complicated structure, [12] , [13] ; so this is not surprising and it would perhaps be better to ask a simpler question. What do free monogenic ∨-semilatticed inverse semigroups look like? Here we are on a little firmer ground given that free monogenic l-groups have a simple structure: The free monogenic l-group is isomorphic to Z×Z under the usual cartesian ordering. It is easy to see that the minimum group congruence σ on any semilatticed inverse semigrooup is a semilattice congruence; [9] . It follows from this that the free l-group on a set X is the maximum (l-)group homomorphic image of the free semilatticed inverse semigroup on X. Thus in particular Proposition 2.1. Let S = F ISL 1 be the free monogenic semilatticed inverse semigroup. Then S has maximun (l-)group homomorphic image Z×Z.
From the remarks above, each of the semigroups K n = K(Z n ) is a monogenic semilatticed inverse semigroup and therefore a ∨-homomorphic image of F ISL 1 . Each of these semigroups and also Z × Z is commutative. However F ISL 1 is not commutative. To see this we note that neither the free monogenic inverse semigroup F I 1 nor the bicyclic semigroup is commutative. Yet the results below show that each is a homomorphic image of F ISL 1 Theorem 2.1.
[8] The bicyclic semigroup B = a, b : ab = 1 admits two infinite families of compatible ∨-semilattice orderings. In one of these families, a, ba > 1 in the other a < 1 < ba.
T. Saitô [19] showed that the idempotents of a totally ordered inverse semigroup form a binary tree under the natural partial ordering. In particular, the idempotents of any totally ordered inverse monoid form a chain under the natural partial ordering. It follows from this that no free inverse semigroup can be totally ordered; [16] . However Theorem 2.2.
[5] While the free inverse semigroup F I(X) on a set X cannot be totally ordered, it admits a ∨-semilattice ordering. Each of the semigroups above is a ∨-homomorphic image of the free semilatticed inverse semigroup F ISL 1 . Consequently, there is a ∨-homomorphism of F ISL 1 onto a subdirect product of all these semigroups. However I don't know if this homomorphism is an isomorphism. The varied quality of these examples does show that, whether or not the homomorphism is an isomorphism, F ISL 1 is certainly a complicated object! Question Is F ISL 1 an E-unitary semigroup? More generally, Question Is F ISL(X) an E-unitary semigroup?
3. Totally ordered ω-regular semigroups.
As I remarked above, T. Saitô showed that the idempotents of any totally ordered inverse monoid form a chain under the natural partial ordering. In view of this, and the fact that an ω-chain is the simplest example of a infinite chain, it is natural to ask if it is possible to give an explicit construction for the compatible total orderings on ω-regular semigroups. Saitô [17] has given a general construction of total orderings in terms of special subsemigroups -cones -with various properties But in the case the semigroup is ω-regular, it is possible to be quite explicit, modulo total orderings on groups. The results in this section are taken from the thesis of Paulo Medeiros (2005) . Note that this implies the earlier result of McAlister [8] , that the bicyclic semigroup admits precisely 4 distinct compatible total orderings. This was itself a consequence of a result of Saitô which shows that the total orderings on E-unitary inverse semigroups are completely described by total orderings on the idempotents and on the maximum group homomorphic image. [18] ) Let S be an E-unitary inverse semigroup whose set E of idempotents forms a binary tree under the natural partial ordering. Let ≤ E be a compatible ordering on E with the property that e ≤ E f implies a −1 ea ≤ E a −1 f a for each a ∈ S. Suppose further that ≤ G is a total ordering on the maximum group homomorphic image G = S/σ of S. Then ≤ S defined by a ≤ S b ⇔ aσ < G bσ or aσ = bσ and aa
Theorem 3.2. (Saitô
is the unique compatible total ordering on S which coincides with ≤ E on the idempotents and such that σ : S → G is an isotone homomorphism onto the totally ordered group G. Every total ordering on S has this form for a unique ≤ E and ≤ G .
Medeiros shows how this result can be extended to non E-unitary inverse semigroups whose idempotents form a chain under the natural partial ordering. Using this, he is able to describe explicitly the compatible total orderings on ω-regular semigroups. We quote the results for bisimple ω-semigroups S = B(G, θ) = {b r ga s : g ∈ G} for which the homomorphism φ : S → Z is isotone. Theorem 3.3. (Medeiros [14] ) Let G be a totally ordered group, under the total order ≤ G and let θ :
is a compatible total ordering on S = B(G, θ) which agrees with ≤ G on G and is such that ba > 1 and φ is isotone. Conversely each such total ordering has this form for a unique total ordering on G.
We end this section with an interesting example of a non total ordering on S = B(G, θ) in the case when S is far from E-unitary. We shall say that θ is a nil homomorphism if G = {ker θ n : n ≥ 1}; that is, for each g ∈ G, there exists n such that gθ n = 1.
Theorem 3.4. (Medeiros [14] ) Let G be a group and θ an endomorphism of G. Then S = B(G, θ) is a partially ordered inverse semigroup under the ordering ≤ defined by
S is a ∨-semilatticed semigoup under this ordering if and only if θ is nil.
E-unitary inverse semigroups.
Suppose that S = P (G, X , Y) is an E-unitary inverse semigroup. Then the set of idempotents of S, under the natural partial ordering, is isomorphic to Y. Thus compatible partial orderings on the idempotents correspond to compatible partial orderings on Y. Now any compatible partial ordering on S has the property that
for any idempotents e, f and any x ∈ S. This condition translates to the following condition on Y,
Thus Saitô's theorem on totally ordered E-unitary inverse semigroups can be stated in the form
be an E-unitary inverse semigroup where G is a totally ordered group under ≤ G and that Y is a totally ordered semilattice under a total order ≤ Y with the property that
Then ≤ defined by
is a compatible total order on S. Every compatible total order on S has this form for a unique total order ≤ G on G and a unique compatible total order ≤ Y on Y which obeys the G-compatibility condition above.
The existence of a compatible total order on Y requires that Y is a binary tree and so, because G acts by order automorphisms on X , that X is a tree.
The partial order ≤ in the theorem is a lexicographic ordering. Giraldes, Gomes and McAlister, [5] , showed that every compatible lexicographic ordering on an E-unitary inverse semigroup has the form above where ≤ Y is a compatible semilattice ordering on Y which obeys the G-compatibility condition. This condition is automatically satisfied if ≤ Y is the natural partial order. Using this, they showed that every inverse semigroup is an idempotent separating homomorphic image of a semilattice ordered E-unitary inverse semigroup. As a consequence, being a semilatticed inverse semigroup imposes no restrictions on the ideal structure of the semigroup; [5] . The result also accentuates the naturalness of the question of constructing semilattice ordered E-unitary covers for semilatticed inverse semigroups. More precisely, Definition 4.1. Let S be a semilatticed inverse semigroup. Then a semilattice ordered E-unitary inverse semigroup T is said to be an E ∨ -cover for S if there is an idempotent separating ∨-homomorphism of T onto S.
In this case the maximum group homomorphic image G of T is an lgroup and we say that T is an E ∨ -unitary cover of S over G. Reilly and McAlister, [11] , showed that E-unitary covers of an inverse semigroup S over a group G correspond to idempotent separating pre-homomorphisms of S into the semigroup K(G) of cosets of G. As we saw, this is a semilatticed inverse semigroup under inclusion. Paula Garrão in her thesis gives analogous necessary and sufficient conditions for constructing E ∨ -unitary covers. [6] ) Let S be a semilatticed inverse semigroup and G an l-group. Then there exists an E ∨ -unitary cover of S over G if and only if there is an idempotent separating and idempotent pure prehomomorphism φ of S into K(G) such that G = {sφ : s ∈ S} -these are the conditions for an E-unitary cover -such that
Theorem 4.2. (Garrão
Given the pre-homomorphism, one can construct the covering but this still leaves the question -does every semilattice ordered inverse semigroup have an E ∨ -unitary covering? This, in turn leads us back to the question with which we began. When it comes to totally ordered E ∨ -unitary covers, the situation is rather different. (Garrão [6] ) Let S be a totally ordered E-unitary inverse semigroup. Then every isotone homomorphic image of S is E-unitary.
Semidirect Product Embeddings
There is a natural way of embedding any partially ordered set X in a semilattice. Namely, take the semilatticeX of all (down) order ideals of X. The the map a → a ↓= {x ∈ X : x ≤ a} gives such an embedding. If G is a group which acts on X by order automorphisms then G also acts, in a natural way, onX so that one can form the semidirect productX * G of X by G. The map (a, g) → (a ↓, g) then gives an embedding of P (G, X, Y ) intoX * G for any subemilattice and order ideal Y of X. Thus [15] ) Every E-unitary inverse semigroup can be embedded in the semidirect product of a semilattice by a group.
In general, this embedding is rather sparse. However a more dense one is obtained if we take, instead ofX, the semilattice X f of finite intersections {a 1 ↓, · · · , a n ↓} of principal ideals of X. Then the same function a → a ↓ gives an embedding of P (G, X, Y ) in X f * G. This last section, which represents joint work with Gracinda Gomes, considers the question of whether this result of O'Carroll can be extended to totally ordered E-unitary inverse semigroups. Namely, can every totally ordered E-unitary inverse semigroup be embedded in a totally ordered semidirect product of a totally ordered semilattice by a totally ordered group? [Note that the order on the semidirect product will be the lexicographic one.]
We begin with a simple example. Let G = g be an infinite cyclic group and E = {0.1}. Then E × G is totally ordered by
This totally ordered inverse semigroup contains, as an inverse subsemigroup, the semigroup
Thus S is a totally ordered E-unitary inverse semigroup which, while not a semidirect product of a semilattice by a group can be embedded in the (semi)direct product of a semilattice by a group. In fact, S ≈ P (G, X, Y ) where Y = E and X has the diagram
The group G acts by fixing 0 and g interchanges u and v. In this case X is a semilattice, in fact a binary tree, whileX consists of the principal ideals x ↓, x ∈ X, together with the ideals X and ∅. Note thatX cannot be totally ordered because it is not a tree.
[Note that, in general,X can be totally ordered if and only if it is a chain -which is equivalent to X being a chain -under the natural partial order.] X f consists of the ideals x ↓, x ∈ X and is isomorphic to X itself. Suppose that there is a compatible total order on X f * G. Then there are two mutually exclusive possibilities, u ↓< v ↓ or v ↓< u ↓. In the first case, we get g(u ↓) ≤ g(v ↓) that is v ↓≤ u ↓ which is a contradiction. The second possibility is similarly impossible. Hence X f * G cannot be totally ordered. This shows that we cannot expect the procedure which worked so well in the un-ordered case to work in this case also.
The construction of an embedding in the example is prototypical of the situation of E-unitary Clifford semigroups; that is, for those whose idempotents are central.
Proposition 5.1. Let S be a totally ordered E-unitary Clifford semigroup. Then S can be embedded in the (semi)-direct product of a totally ordered semilattice by a totally ordered group.
We have already seen that the idempotents of a totally ordered inverse semigroup S form a binary tree under the natural partial ordering. In particular, the idempotents of each local submonoid of S form a chain under the natural partial ordering. It is therfore natural to consider inverse semigoups S whose idempotents form a chain under the natural partial ordering when we want to study totally ordered inverse semigroups. Then each D-class and each J -class is an inverse subsemigroup of S. Let e be an idempotent of S and set L = eSe ∩ L e , where L e is the L-class of e. Proposition 5.2. Let S be a totally ordered inverse semigroup, under a total order ≤, whose idempotents form a chain under the natural partial order, and let e be an idempotent of S. If the intersection of non-empty left ideals of L is non-empty, then either ≤ is the natural partial order on the idempotents of D e or is the inverse of the natural partial order.
Corollary 5.1. Let S be a totally ordered E-unitary inverse semigroup whose idempotents form a chain under the natural partial order. If S/σ is commutative then in each D-class of S the imposed total order on the idempotents is either the natural partial order or the inverse of the natural partial order.
Let us say that an inverse monoid M is reflexive if the intersection of principal left ideals of L = {x ∈ M : x −1 x = 1} is non-empty.
Theorem 5.2. Let S = P (G, X, Y ) be a bisimple E-bisimple inverse monoid where Y is a chain (and X is a tree). Then the following are equivalent:
(1) X is up-directed; (2) S is reflexive; (3) the principal left ideals of L form a chain under inclusion; (4) X is a chain.
Corollary 5.2. Let S be a totally ordered reflexive E-unitary bisimple inverse monoid. Then S can be embedded in the totally ordered semidirect product of a totally ordered chain by a totally ordered group.
We end this section and the talk with another example. This time, an example of a totally ordered inverse semigroup in which not all the D-classes are subsemigroups. Thus the idempotents do not form a chain under the natural partial order. Such a semigroup S must contain an element x such that
Because S is totally ordered, one can show that either
Proposition 5.3. Let T = x, x −1 be the inverse subsemigroup of S generated by x. Then T is isomorphic to the inverse semigroup with presentation x : x −3 x 3 = x −2 x 2 and so is unique, up to isomorphism.
Corollary 5.3. Let S be a totally ordered inverse semigroup then the idempotents of each D-class form a chain under the natural partial order if and only if S does not contain a copy of T . In this case, each D-class, and each J-class of S, is a subsemigroup.
In light of this corollary, it is natural to investigate the structure of T . and X has the diagram
The action of Z is the obvious one.
Because T is E-unitary, any compatible total order on it is given by a total order on T /σ ≈ Z and a total order ≤ E on the set E of idempotents which has the property that x ≤ E y implies t −1 xt ≤ E t −1 yt for each t in T .
Theorem 5.4. T admits precisely four total orders, depending on whether (1) the order on T /σ ≈ Z is the usual one or its inverse; (2) e < f or f < e.
In the case that e < f the order on the idempotents translates to the order with diagram
on Y and by the group action to the total order
Note that, in each of the four cases, the order extends to P (G, X, X) so that in each case T can be embedded into the semidirect product of a totally ordered chain by a totally ordered group. However the question: can every totally orderd E-unitary inverse semigroup be embedded in a totally ordered semidirect product of a totally ordered semigroup by a totally ordered group still remains to be solved.
